In this article, an effort has been made to compute and inspect the rotational flow of Oldroyd-B fluid between two co-axial circular cylinders. As novelty, the rotation of both cylinders produces motion of the fluid. The velocity field and tangential stress corresponding to the motion of an Oldroyd-B fluid with fractional derivatives have been obtained using Laplace and Hankel integral transforms. The velocity profiles of the respective model are graphically presented and deliberated for the pertinent parameters. Corresponding solutions are also obtained for ordinary Oldroyd-B fluid, ordinary and fractional Maxwell fluids, ordinary and fractional second-grade fluids, and Newtonian fluid as limiting cases of our general solutions.
Introduction
Non-Newtonian fluids serve to be of substantial significance due to their widespread applications in technological industries, such as polymer extrusion, exotic lubricants, colloidal and suspension solutions, slurry fuels, and food stuffs. The rheology of non-Newtonian fluids cannot be easily described by linear stress and strain relationship, as it has more complex structure and suitable best to describe and examine various viscoelastic, viscoplastic, and biological fluids. Since no single model can describe all the complex properties of non-Newtonian fluids, a variety of models are presented in the literature for investigating various properties and behaviors of non-Newtonian fluids. [1] [2] [3] [4] [5] [6] [7] Among them, viscoelastic Oldroyd-B fluid models, which can foresee stress relaxation, have obtained much consideration. Many researchers are paying attention toward this model as it best describes the fluid with viscoelastic properties. Hayat et al. considered the magnetohydrodynamics (MHD) flow of Oldroyd-B fluid with Cattaneo-Christov heat flux and homogeneous-heterogeneous reactions, 8 velocity and shear stress for an Oldroyd-B fluid within two cylinders have been discussed by Kang et al., 9 withdrawal and drainage of thin film flow of a generalized Oldroyd-B fluid on non-isothermal cylindrical surfaces have been discussed by S Ullah et al., 10 Fetecau and Fetecau 11 investigated the unsteady flows of Oldroyd-B fluids in a channel of rectangular cross-section, and translational flows of an Oldroyd-B fluid with fractional derivatives have been discussed by Jamil et al. 12 The motion of a fluid in a rotating or translating cylinder is of interest to both theoretical and practical domains. It is of crucial significance to study the mechanism of viscoelastic fluids flow within the circular cylinder domains as it has applications in many industrial fields, such as oil exploitation, chemical and food industry, and bio-engineering. The academic workers and engineers are very much interested in the geometry of such types of fluids flow. Some exact solutions corresponding to non-Newtonian fluids flow between the cylindrical and translating region can be found in the literature. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] Fractional calculus has come across much importance in elaboration of the complex dynamics; it became an important tool to deal with viscoelastic properties. Many experimental data emphasized that the state of a physical system depends not only on its current state but also on its history. Because the integer order differential operator is a local operator, the classical fluid models cannot give the best description of the fluid behavior. Since the fractional derivative operators have non-local properties, the fractional calculus has been successfully used in the description of several physical phenomena. So, the results with ordinary derivative models have marginal scientific value and definitely insufficient to warrant suitable correlation with the experimental data. For the accurate modeling of physical and engineering processes, the fractional order derivative models and techniques are found to be the best and reliable to the experimental results. Generally, the constitutive equations for non-Newtonian fluids with fractional derivatives are extended from the well-known fluid models by replacing the time derivative of an integer order with the so-called Riemann-Liouville fractional calculus operators. 23 With the research advancement, the fractional derivative models are considered by reputed scientists. [24] [25] [26] [27] The rotational flow of Oldroyd-B fluid between two circular cylinders has not been given much attention in the past; though such flows have several industrial applications, such as oil exploration and bio-engineering. The main objective of this article is to analyze the rotational flow of fractional Oldroyd-B fluid between two infinite co-axial circular cylinders. There is no motion in the fluid at time t = 0. The inner cylinder goes on rotating around its axis due to a timedependent rotational tangential stress and the outer cylinder is rotating around its axis, with the angular velocity R 2 Ot at time t = 0 + . The solutions that have been obtained, presented under series form in terms of the generalized G functions, satisfy all imposed initial and boundary conditions. 28 Some previous solutions can be obtained as special and limiting cases of our general solutions. Finally, the influence of pertinent parameters on the fluid motion, as well as a comparison between models, is shown by graphical illustrations.
Governing equations
Let us consider the flow of Oldroyd-B fluid having velocity v and the extra-stress S of the form 20, 28 v = v(r, t) = v(r, t)e u ; S = S(r, t)
where e u represents the unit vector in the u direction of cylindrical coordinates. Also the constraint of incompressibility is automatically satisfied for such flows. Moreover, when the fluid is at rest, we have
When the body forces are neglected, the governing equations related to such motions of Oldroyd-B fluids are given by Rajagopal and Bhatnagar
where the non-trivial tangential stress is represented by t(r, t) = S ru (r, t), the kinematic viscosity is represented by n = m=r, the constant density of the fluid is represented by r, l is the relaxation time, and l r is the retardation time. 28 The governing equations corresponding to an Oldroyd-B fluid with fractional derivatives under the same motion are attained from equations (3) and (4) 
where the fractional operators are defined as in Waters and King, 21 Podlubny, 23 and Kamran et al.
where G( Á ) is the Gamma function.
Problem formulation and solution
Consider an incompressible Oldroyd-B fluid with fractional derivatives under the assumption to be at rest in an annular region between two co-axial circular cylinders of radii R 1 and R 2 (.R 1 ). At time t = 0 + , a tangential stress has been applied on the boundary of inner cylinder
where f is a constant, and the generalized function R is defined by Lorenzo and Hartley
The outer cylinder is also rotating around its own axis with the velocity R 2 Ot. The fluid gradually starts moving due to the tangential stress, and the velocity of the fluid is given by equation (1) . Equations (5) 
where O is the angular acceleration of outer cylinder. Equation (11) with initial conditions given in equation (10) has the solution t(R 1 , t) given by equation (8) , as stated in Kamran et al. 28 The linear partial differential equations (5) and (6) with appropriate initial and boundary conditions can be solved in principle using Laplace and Hankel integral transforms. The Laplace transform can be applied to eliminate the time variable, while the finite Hankel transform can be employed to eliminate the spatial variable.
Velocity field of the flow
By applying Laplace transform to equation (5), and taking initial and boundary conditions given in equations (10) and (11), we get
where
satisfies the given conditions
The Hankel transformation of v(r, s) given in Tong and Liu 16 as
The transcendental equation B(R 2 , r) = 0 has the positive roots r n . The Bessel functions of the first and second kinds of order n are denoted by J n ( ) and Y n ( ). 28 The inverse Hankel transformation of v H (r n , s) defined in Tong and Liu 16 as Now multiplying both sides of equation (12) by B(r, r n ) r, and integrating with respect to r from R 1 to R 2 , using the condition given in equation (13) and the equality
we have
For a suitable representation of velocity field v(r, t), we rewrite equation (19) in a more appropriate equivalent form as
Now applying inverse Hankel transformation to equation (20) and using the following result
we arrive at
Using the following relation
in equation (22), we get
Applying inverse Laplace transform to equation (24) and using the following equation given in Lorenzo and Hartley
we get
Tangential stress of the flow
Applying Laplace transformation to equation (6), we have
To obtain the tangential stress t(r, t), we first rewrite equation (19) in a suitable form as below
Now applying inverse Hankel transform to equation (28) and using equation (21), we get
Now putting equation (30) in equation (27) , we get
Using equation (23) in equation (31), we get
Applying inverse Laplace transform to equation (32) and using equation (25), we get t(r, t) as
Limiting cases
Ordinary Oldroyd-B fluid
Making b ! 1 and g ! 1 in equation (26), the velocity field for ordinary Oldroyd-B fluid is obtained as
Now using b ! 1 and g ! 1 in equation (33), we get
Using the following relations in above equation
the associated shear stress
for ordinary Oldroyd-B fluid performing the same motion is obtained.
Fractional Maxwell fluid
When l g r ! 0 in equations (26) and (33), the velocity field
and tangential stress
for fractional Maxwell fluid performing the same motion are obtained.
Ordinary Maxwell fluid
Substituting b = 1 in equation (37), the velocity field for ordinary Maxwell fluid is obtained as
and when l r ! 0 in equation (36), the shear stress
for ordinary Maxwell fluid performing the same motion is obtained.
Fractional second-grade fluid
Making l b ! 0, b ! 1 and n l g r = a g in equations (26) and (33), and using the following relations
the velocity field for fractional second-grade fluid is obtained as
Now using equations (41) and (42) along with the following relations
, tÞ
for fractional second-grade fluid performing the same motion is obtained.
Ordinary second-grade fluid
Substituting g = 1 in equations (44) and (49) and using the following relation
Àn r
we get the velocity field for ordinary second-grade fluid as
Now using equation (50) and the following relations
Special case
Taking O = 0 in our solutions, the corresponding solutions obtained in Kamran et al. 28 are recovered as special case of our general solutions for the rotational flow of Oldroyd-B fluid with fractional derivatives.
Graphical illustrations and discussion
In this section, the obtained results are presented graphically in order to show the influences of fractional orders of derivatives b and g on the fluid velocity. In Figure 4 , the influence of kinematic viscosity n on the fluid velocity is studied, and it can be seen that for large values of this parameter, the fluid flows more slowly.
The curves from Figures 5 and 6 are plotted to study the influence of the relaxation time l and of the retardation time l r on the fluid velocity, respectively. For these figures, we used b = 0:4, g = 0:3, and l r = 4 for Figure 5 , respectively, l = 5 for Figure 6 . It is observed from Figures 5 and 6 that absolute values of fluid velocity decrease for increasing values of the relaxation/ retardation time. largest, while the fluid of Oldroyd-B type has the smallest velocity, in absolute value.
Conclusion
In this article, the effects of the orders of time-fractional derivatives on the rotational flow of an Oldroyd-B fluid between two circular cylinders have been considered. The governing fractional partial differential equations, subjected to the appropriate initial and boundary conditions, have been solved analytically using Laplace and Hankel transformations. Exact solutions for the velocity field and tangential stress are presented under series form in terms of the generalized G functions. These solutions are more natural and appropriate tool to describe the complex behavior of non-Newtonian fluids and are important due to their practical applications in scientific and engineering experimentations. Moreover, the obtained solutions, which are new in the literature, can easily be transformed to provide similar solutions for ordinary Oldroyd-B, ordinary and fractional Maxwell, ordinary and fractional second grade, and Newtonian fluids. By making angular acceleration of the outer cylinder O = 0 in our solutions, the results obtained in Kamran et al. 28 are recovered as special case of our work. Furthermore, the effects of different material parameters, such as fractional parameter b, fractional parameter g, kinematic viscosity n, relaxation parameter l, and retardation parameter l r on the velocity profile are also examined and discussed.
